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Abstract 

We give the N = 2 gauged supergravity interpretation of a generic 
D = 4, iV = 2 theory as it comes from generalized Scherk-Schwarz 
reduction of D = 5, iV = 2 (ungauged) supergravity. We focus on the 
geometric aspects of the D = 4 data such as the general form of the 
scalar potential and masses in terms of the gauging of a "flat group" . 
Higgs and super-Higgs mechanism are discussed in some detail. 
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1 Introduction 



New gaugings of extended supergravity have recently been considered, espe- 
cially in connection to compactifications of M-theory and superstring theories 
involving generalized Scherk-Schwarz reduction pQ or flux vacua [2]. 

In the present investigation we would like to give some general features of 
Scherk-Schwarz (SS) reduction of D = 5, N = 2 ungauged supergravity [3], 
in terms of what is generally known for D — 4, gauged supergravity [HE]. 

This investigation can be regarded as the N = 2 counterpart of a similar 
analysis performed for the case of N = 8 SS spontaneously broken su- 
pergravity IS] - N = 8, N = A and N = 2 supergravity with SS reduction 
have been considered in the literature EH ITTj . also in connection with 

Randall-Sundrum brane scenarios OE3dlI3[I3[m[m[3l23l2I!- 

Following Scherk and Schwarz, we are going to consider in the following 
only flat groups obtained by SS reduction of a D = 5 theory, thus getting, in 
D = 4, a semi-positive definite scalar potential which generally has some flat 
directions, irrespectively if supersymmetry is broken or not. Therefore the SS 
reduction always defines no-scale models [22] , which were first considered, in 
the context of N — 1 supergravity, in the early 80's |2lH I24j . No-scale models 
also appear in warped superstring compactifications where "internal" fluxes 
are turned on [2H1 I2H1 123 123 121 • 

At the supergravity level the difference between Scherk-Schwarz and flux 
compactifications mainly resides in the fact that, when supersymmetry is 
broken, massive multiplets are BPS saturated in the former case, while they 
are long in the latter. 

The BPS U(l) central charge is gauged by the graviphoton which, to- 
gether with the other matter gauge fields, defines a non-abelian gauge algebra 
corresponding to a flat group. 

In iV = 8 supergravity the flat Lie algebra is a subalgebra of E7( 7 ), while 
in N = 2 it depends on the structure of the D = 5 real-special geometry 
underlying the vector multiplet couplings 

We find that the structure of the flat group gauged in D = 4 is universal, 
in the sense that its structure is common to all iV = 2 models. It is of the 
form U(l)(§) M n " +1 , where n v is the total number of D = 5 vector multiplets, 
and in the most general case the U(l) symmetry, which is gauged by the 
four-dimensional graviphoton B^, 1 acts on both the special manifold as well 

1 By graviphoton we call the four-dimensional vector coming from the five-dimensional 
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as the quaternionic manifold. 

If the U(l) has a component on the SU(2) R-symmetry of the D = 5 
theory, then supersymmetry is broken. When the quaternionic manifold is 
involved in the gauging, this is realized when the pull-back on space-time of 
the SU(2) connection uj^ is non vanishing, with in particular 2 

^siVO; (A, -8 = 1, 2). 

In absence of hypermultiplets, for supersymmetry to be broken the U(l) must 
have a component on the global SU(2) R-symmetry of the D = 5 theory, and 
this originates a four- dimensional N = 2 Fayet-Iliopoulos term. 

On the other hand, if no SS phase is introduced in the real-special mani- 
fold, then the U(l) has no component on the vector multiplet directions and 
the flat group is abelian, with all the vectors remaining massless. 

In the general case, the U(l) charge has components on the isometries of 
both special and quaternionic manifolds. 

We denote by T ab = -T ba (a, b = l,---n v ) and A af3 = A Pa (a, (3 = 
l,---2nh) respectively the SO(n„) spin-connection one form on the real- 
special manifold and the USp(2n/J symplectic connection one-form on the 
quaternionic manifold. For a Higgs mechanism to take place the following 
conditions for the pull-back on 5D space-time of these connections must be 
met 

IYVO, A 5 a ^0. 

Note that, if lo^® = Oj then supersymmetry remains unbroken and a pure 
supersymmetric Higgs mechanism occurs. Then massive BPS multiplets are 
generated for both vector- and hypermultiplets in four dimensions. 

In Section 2 we discuss the general form of the scalar potential and the 
fermionic bilinear of a generic compactification, as they come from D = 5 SS 
reduction. 

In Section 3 we give the basic gauge groups and discuss the SS reduction 
in terms of D = 4, N = 2 data based on the gauging of a "flat group" . 

In Section 4 we apply this general pattern to different models, covering 
the different cases with n v , rih = 0; n v ^ 0, rih = 0; n v = 0, rih ^ 0; n v , rih ^ 0. 
We mostly confine our analysis to symmetric coset spaces. 

metric. This is not the same as the vector partner of the metric in the TV = 2, D = 4 
gravity supermultiplet. 

2 Here and in the following we refer, for the definitions of D — 4, N = 2 fields, to the 
ones given in 
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We give in two appendices further relations between SS D = 5 dimension- 
ally reduced quantities and their D = 4 gauged supergravity counterparts. 

Further extensions of the present investigation, which will be considered 
elsewhere, include the presence of a more general lagrangian in D = 5, as, for 
example, a non-abelian gauge group already in D = 5, opening the possibility 
of having a. D = 4 boundary, as in the Randall-Sundrum kind of scenario, 
or the inclusion of tensor multiplets in D = 5 [Hill EH1 E2] ; through which one 
would retrieve in D = 4 a more general N = 2 matter coupling discussed in 
reference |3l?| . 



2 On the Scherk— Schwarz reduction of the 
D = 5, N = 2 lagrangian 

The basic quantities of the D = 5 lagrangian which become relevant in the 
discussion of the SS reduction are the kinetic terms for the scalars and for the 
spin |, | fields, which are related to the scalar potential and the fermionic 
mass terms of the D = 4 dimensionally reduced theory. 

These kinetic terms contain, in the fermionic covariant derivatives, the 
real-special geometry spin-connection 34 , as well as the symplectic USp(2n/ l ) 
and SU(2) connections of the quaternionic manifold IH] . 

Upon SS reduction, the pull-back on space-time of such one-form connec- 
tions contribute the terms 

^5a(3 j UJ 5AB ] r 5 a& (^5AB = UJ 5A e Bc) 

which will determine the quadratic mass terms of the fermions. 
Similarly, the D = 4 scalar potential is jH] 



V(cr,<p,q) = e 



-3a 



l -P«{y)P ha {v) +U« A {q)UP B {q)£ aP e AB 



where ^/g^ = e a = 5 , -P 5 a (<^) = P t a d 5 (p r and U£ A (q) = U^ A d 5 q u denote the 
5th components of the pull-back on space-time of the scalar vielbeins of the 
theory in D = 5, with P? the vielbein of the real-special manifold in D = 5 
and IA^ A the vielbein of the quaternionic manifold (with i = a = 1, ■ ■ -n v ; 
A = 1, 2; a = 1, • • ■ 2nt and u — 1, • • • 4n^). 4>5 = e a = ^[g^ is the Kaluza- 
Klein mode from the metric. 
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It is obvious from (JTJ) that the potential V is positive definite and it has 
an extremum at the points for which 

Pg{<p)=Ug A (q) = 0. (2) 

These are the vacua of the theory. 

As we already know from the N = 8 example, these vacua may have a non 
trivial moduli space (other than the a direction). Also, the scalar potential 
(JTJ) can be recast inaA r = 2,D = 4 gauged supergravity form, by giving the 
gauged isometries which correspond to the SS compactification. 

It is important to observe that, in view of the real-special geometry re- 
lations discussed in Appendix A |37] , the first term in the potential can 
also be written as 

—e-^d^dst^duK (3) 

where t\ip) (I — 1, ■ ■ ■ n v + 1) are D = 5 special coordinates, subject to the 
constraint 

th ] t K d 1JK = l. (4) 

They form a representation of the full duality group of the D = 5 theory. 

Let us consider the term d^t 1 ^) = t^d^ip 1 . When applying the SS gener- 
alized dimensional reduction it gives, at x 5 = 0, 

9 5 t / (^)u 5=0 = tjMy, (5) 

where Mj is a matrix parametrizing the global symmetries of the D = 5 
action. We restrict our discussion to the case where Mj only contains the 
compact symmetries. In a more general sense, d^cp 1 = k l is the Killing vector 
for an arbitrary U(l) in the Cartan subalgebra of the global compact sym- 
metry flu of real-special geometry, it is therefore a generator U(l) depending 
onti = rank (H^) parameters. 

With the position (jSj) the vector multiplet sector of the D — 4 scalar 
potential then becomes 

V^-M'M^V (6) 

where (see Appendix B) 

9ij = —3d>uKt K t*itj = Gjjt^tj (7) 

is the real-special manifold metric. 

We are interested in comparing the above expression with the D = 4 
gauged supergravity result. 
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3 Gauged N = 2, D = 4 interpretation 



3.1 Vector multiplet sector 

In the D = 4 framework, mass terms and scalar potential arise from the 
gauging procedure. This was fully exploited for the N = 8 case in jE], and 
the same procedure was indicated for the N = 2 case in Section 4 of the 
same reference. 

The crucial ingredient to be used here is that the dimensional reduction 
of real-special geometry [3] gives a cubic holomorphic prepotential at D = 4 
of the form 

F(z) = duKz'z'z 1 " (8) 

where Qz 1 = v 1 = t 7 05, Biz 1 = —A ! 5 , with A ! 5 being the 5th components of 
the D = 5 vectors. The special Kahler manifolds with the specific form (jHJ) 
for the prepotential are named very-special manifolds [3B] (or d-manifolds) 

Note that the D = 4 moduli v 1 (corresponding to the imaginary part of 
the scalars in the vector multiplets) obey the relation 

V(v) = d IJK v I v J v K = e 3a (9) 

which immediately follows from equation (@J) by using v 1 = t 1 ' e° ' . 

Moreover, since the quantity gijip k ip e in (JUJ) is scale invariant, we can read 
the factor e _3<T as 

e- 3CT = e K (10) 

which defines the very-special Kahler potential K = — logV = —3 log a. 

The D = 4 vectors are (the Kaluza-Klein graviphoton) and Z 1 ^ = 
A 1 ^ — A^B^. This in particular shows that the five- dimensional graviphoton 
belongs, together with 5 = ^/g^, to an additional vector multiplet in four 
dimensions, while the D = 4 graviphoton comes from the Kaluza-Klein 
vector, corresponding to the decomposition of the five- dimensional space- 
time vielbein as 

(K = e-W«; Vl = e°B,- V* = e CT ) . (11) 

3 A d-manifold can be real (at D = 5, with nn = n v ), Kahler (at D = 4, with nc = 
n v + 1), or quaternionic (at D = 3, with rih — n v + 2), where rig., nc and rih denote the 
real, complex and quaternionic dimension respectively. 
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This is merely due to the choice of D = 4 special coordinates X A (see Ap- 
pendix A) which set X° to correspond to B^. This is not the same as the 
"free" supermultiplet assignment. 

The very-special manifold Ai c in D = 4 has M n " +1 isometries (corre- 
sponding to the shift invariance of the lagrangian) 

5^ = r 7 , / = l,---n„ + l. (12) 

They act on the n v + 2 vectors in D = 4 as follows 

SZ^-r'B^; 5B, = 0. (13) 

Let us now consider to gauge a U(l) group belonging to the maximal 
compact subgroup of the isometry group of the very-special manifold, and in 
particular let us take it in its Cartan subalgebra Tic- 

If t 1 is a representation of Tic, then we may consider the following flat 
group 

= M 3 t J 

[t'A = (14) 

that is, by setting t A = (t°, t 1 ) , 

[t\ t S ] = f A lt A , A — (0, 1) (15) 

with f IO j = Mj, the others vanishing. The U(l) isometry gauged by the B^ 
gauge field may have components both on the very-special manifold and on 
the quaternionic manifold, that is 4 

j-0 tSG _i_ jQ I jQ 

L — 1 J USp(2n h ) "I" J SU(2)- 

The charges corresponding to gauging some special geometry isometries I SG 
are given by the SS phase Mj, while the ones corresponding to gauging 
quaternionic isometries I® are labeled by a matrix M u v which will be better 
specified in Section 3.3 (see in particular equation ([33)1 ). 

The gauge transformation of the z 1 coordinates is holomorphic and has 
the form 

S£_ = Mj (z J £° - e J ) (16) 

4 By ^usp(2n h ) an< l ^su(2) we mean the SS phase with flattened indices 
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Of course, as the gauge parameters £ A are real, the non-homogeneous part 
only affects Ifcz 1 . 

From the structure constants of the non abelian gauge algebra we also 
get the gauge transformation of the vectors 

SB, = d,e (17) 

and the expression for the vector field-strengths 

= d.Zl-d^ + M^Z^-Z^B,) 
B^ = d,B u -d u B,. (18) 

Note that, because of the gauged translations, a Chern-Simons-like term is 
present in the D = 4 lagrangian 0] 

±e^d IJK M«Z^d p Z J a - (19) 

It comes by dimensional reduction of the D = 5 Chern-Simons term jB] 

(IjjkA 1 A F J A F K . (20) 

Note that d^jxM K L ^ = and that the non-abelian contributions vanish 
identically 

In D = 4 very-special geometry, as it comes from dimensional reduction 
of D = 5 real-special geometry, the choice of symplectic basis is dictated by 
the fact that the D = 5 duality group does not mix electric with magnetic 
vector potentials, so that the flat group is entirely electric. For infinitesimal 
transformations it has then a symplectic Sp(2n v + 4, R) action [^H] of the 
type 

';' ','/ ) (with c = c T ) (21) 

In (|21|). the submatrix a corresponds to the adjoint action on the vectors, 
while c is the matrix which transforms, non linearly, the axion fields. Setting 
all together, the entries of a, c for the {n v + 2)-dimensional gauge algebra are 

a >(n v +2)x(n v +2) ~ I n n 
\ U K+l)x(n„+l) U 

_ ( d IJK M^ L 0( ni)+ i) x i , 

C(n„+2)x(n„+2) - L fl 



In particular, c determines the non-homogeneous shift for the vector kinetic 
matrix of very-special geometry (which can be computed with the standard 
special-geometry formulae) 5 

6Wu = d IJK M^ L 

which is related to the gauged axion symmetry 

Sz 1 = -Mj£ J - 

3.2 Killing vectors and the scalar potential 

The N = 2 scalar potential for a generic gauged supergravity is given by the 
following expression [5] 

V = (gijkikl + AKvklkl) Z A L S + (£/ AE - 3L A L E ) P£P£ (23) 

Here fc A , k\ are the Killing vectors of the special and quaternionic manifold re- 
spectively, gjj, h uv the corresponding metrics on the two manifolds, L A is the 
covariantly holomorphic section of special geometry, P A is the quaternionic 
Killing-prepotential, and f/ AE = T> I L A T> J L E g IJ = -§(3ATr 1AS - L A L S . 

We refer to |3] for the complete definitions; however, note in particular 
the relations gjjk^ = djP\, k^L A = P\L A = (Pa is the special-Kahler 
Killing prepotential) and Q x uv k v A = V U P%, P X K = J-V u kl(n*)\. 

We note that, for the kind of gauging under consideration, the scalar po- 
tential, as expected by comparison with is positive semidefmite. This 
is a consequence of the fact that in these models only compact quaternionic 
isometries, corresponding to a SS phase, are gauged, with the U(l) gravipho- 
ton as gauge vector, so that Pq ^ 0, Pf = 0. Then, in the special coordinates, 
where 

L° = e*;i/ = e fz', 

one can prove the basic relation ^HJ EH] 

C/00 _ 3Z o L o = Q) 

so that the scalar potential reduces to 

V = e K (g l3 k{ki + Ah uv k u K kl) z A z*. (24) 

The two contributions in (|24|) have now to be compared with the two 
terms in (|T|). 

5 Note that such possibility extends the results of 0, following ^Q. 
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No hypermultiplets 

Let us first consider the case k\ = 0, where the graviphoton has no com- 
ponents on any U(l) isometry of the quaternionic manifold. First of all, from 
f!16|) we know the form of the very-special manifold Killing vectors: 

^ = -Mj; kl = M]z J (25) 

which implies that the following properties of special geometry are true 

k{L A = ef {k^z 3 + ki) = (26) 
k[L A = 2ie^M I J Qz J . (27) 

Equation (}2Tj) is the basic identity which allows to relate such an expression 
to d 5 t\ as defined in 

Then the scalar potential is independent of ^tz 1 

V(a, <p) = e K g IJ k I A klz A z J] = 2e K G IJ M I K M 3 %z K %z L . (28) 

Note that, when the set of indices /, J... = 1, ■ ■ ■ n v + 1 is restricted to the 
subset ... — 1, • • -n v , then does coincide with 
The extrema are at 

Mftz 3 = 0, 

that is they correspond to the vanishing eigenvalues of the Cartan matrix 
MJ. 

Since the matrix Mj is taken on a compact subgroup of the isometry 
group, it is anti-hermitean, with imaginary eigenvalues (±imj,0). The non- 
vanishing eigenvalues provide massive BPS N = 2 vector multiplets, where 
Qz 1 is the scalar partner of the massive vector and ^tz 1 the corresponding 
would-be Goldstone boson. 

The vanishing eigenvalues give the moduli space of the SS theory. If 
supersymmetry is unbroken (P A = 0), they exactly correspond to the number 
of residual massless vector multiplets. 

Let us consider now a similar situation, without hypermultiplets, but with 
a non-zero Fayet-Iliopoulos term P£ = const. As for an ordinary quaternionic 
prepotential, it must satisfy the constraint |3| 

^ c xyz py r>z I 1 f J -px _ n 
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which is solved for Pf = 0, Pq arbitrary. Let us then set Pq =3 = m 7^ 0. 
Super symmetry is broken, but the vacuum is the same as before, since m 
does not contribute to the scalar potential. However, it gives a mass term to 
the gravitinos and to the gauginos. 

This is a no-scale model with N = 2 —>■ N = broken supersymmetry. 
The two fermionic partners of the matter vector multiplet which was not 
present in D = 5 (ip^A component of the gravitino) are the goldstinos which 
make the gravitinos massive. In this case, the U(l) gauged by the field 
is a combination of the special-manifold isometry and of the R-symmetry. 

We note that if in this model we set to zero the matrix Mj, we retrieve 
the vanishing potential model discussed long-ago in |30j . 

Inclusion of hypermultiplets 

The most general case of SS gauging is obtained when the field has also 
a component on a U(l) isometry of the quaternionic manifold. In this case 
the SS phase takes values also on the isometries of the quaternionic geometry. 

The scalar potential is given by (JTJ or, in the D = 4 language, by (|24|) . 
Moreover, since on the quaternionic manifold k^j ^ is the only non- vanishing 
Killing vector, also the hypermultiplet contribution to the scalar potential is 
independent from the axions in the vector multiplets (as expected), and is 
given by 

Ae K h uv klkl (29) 

where the factor e K correctly reproduces the radial factor e _3cr , as discussed 
in @. 

The flat vacuum corresponds to k$ = 0. 

From the hypermultiplet a-model we have that the five-dimensional ki- 
netic lagrangian which originates the scalar potential is nothing but 

h uv d 5 q u d 5 q v (30) 

which, assuming a non-trivial SS phase in the quaternionic direction 

d 5 q u = M u p qP; (M u p = -M p u ) 

becomes 

h uv M u p MWq r - (31) 

Comparing with (}3~T]) . and sending M — > 2M in the SS phases, we have 
the identification 

k% = M u q p (32) 
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with, in the general case where the SS phase takes value on all the SU(2) x 
USp(2n/j) holonomy, 

M u p = K A U pm [M AB C aP + M aP t AB \ (33) 

where M AB = M BA , M a/3 = M Pa . 

The flat directions of k% = correspond to the vanishing eigenvalues of 
the matrix M u p . The hypermultiplet scalars which become massive belong 
to massive BPS hypermultiplets 6 . 

3.3 Mass terms and critical points of the scalar poten- 
tial 

The strategy for finding mass terms in fermion bilinears, as they come from 
the five-dimensional theory compactified a la Scherk-Schwarz, is to consider 
all terms in the lagrangian which include either P 5 and u>$ (the 5th component 
on space-time respectively of the vielbein and of the spin-connection on the 
scalar manifolds). 

Let us remind the reader that in D = 5 the vector multiplet geometry has 
a Riemannian connection while the hypergeometry has SU(2) x USp(2n/ l ) 
holonomy, with connections uj a and AJ 3 respectively. We denote the pull- 
back on space-time of the corresponding scalar vielbein as P? = P^d^ 
(such that P/P afe = g ik , with /} = 0, 1, 2, 3, 5 = (/x, 5)) and U£ a = U^d^ 
{U^ a U^ = h uv ). For what concerns the quaternionic vielbein U? A , 
under SS dimensional reduction we have 

U* A = U« A d b q u = UZ A K 

where 

fc« = d 5 q u = m\q v 

is the Killing vector corresponding to a U(l) isometry with components on 
both symplectic and SU(2) indices. 

The contribution to the scalar potential from the quaternionic sector of 
the SS reduced lagrangian is 

V Q = e~^Ut A Ul B C a pe AB 

= e-^K A Ul B k u klC aP e AB 

6 Note that a massive hypermultiplet (unlike the vector multiplets) is necessarily BPS 
saturated. 
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which is indeed the N = 2 expression for a U(l) isometry on the quaternionic 
manifold gauged by the graviphoton. 

By the general discussion on SS dimensional reduction we know that, 
if a SS phase in the R-symmetry direction is switched on (so that, in the 
N = 2 cases considered here, ui^ B ^ 0) then supersymmetry is spontaneously 
broken. Note that from the five- dimensional gravitino kinetic term we can 
read-off its four-dimensional bilinear 

S AB ^A,l^Bu 

if we interpret, in analogy to [Sj, 

Sab = l -e^ a M AB . (34) 

Comparing ()34|) with the general four-dimensional expression for Sab, which 
in our case is 

Sab = 1 -PI{<j x )abL k = P^(a x ) AB ef (35) 
we get, recalling (JTUJl . 

Po = (36) 

Making use of the general formulae for quaternionic geometry, we can find 
an explicit expression for the Killing prepotential P AB which gives a mass 
term to the gravitinos. Let us recall in particular the relations: 

Q x uv = \U: A Ul B C aP {a*) AB , (37) 

n x uv w; = -h^-e^o^ (38) 

and 

PI = -^ V "^™- ( 39 ) 

From the analysis of the previous subsection, we know that a SS-induced 
quaternionic Killing vector must be of the form ()32j) . In order for it to break 
supersymmetry, the mass matrix M u p ()33)1 must have a non trivial phase on 
the SU(2) isometry (M AB ^ 0), that is 

M u p = M x {a x ) AB C aP U^ A Up B \p = -iM x tt xu p 
with M AB = \M x (a x ) AB , so that (jUHl) gives, for our case 

p x - -±-v u kinz v = ^- M yn: v ny\v u q p . (40) 
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Using now V u q v — 5^ + 0(q) and (JHS|) we have, for q u — > 0, 

= -2iM x (41) 

in accordance with the fact that, for q u — > 0, cj^- 8 — > M" 4 - 8 . 

We therefore see as expected that in absence of hypermultiplets the M AB 
parameter is the Fayet-Iliopoulos term, while in presence of hypermultiplets 
it is related to the Killing vector 

k% = -iM x {Q x ) u v q v 

corresponding to a U(l) C SU(2) quaternionic isometry gauged by the gravipho- 
ton. 

From equations (J3Uj) and (J31)) we see that in this case a mass term for the 
hypermultiplet scalars appears which stabilizes all of them, since, from ([32)1 . 
the extrema of the potential are found here for q u = 0. 

The presence of a Fayet-Iliopoulos term is understood, from the SS point 
of view, from the fact that (see (JSHI)) the quaternionic prepotential is iden- 
tified with the SU(2) connection, so that, under a holonomy transformation 
U, it transforms inhomogeneously as 

r -> r' = u~ x vu + u^du. 

For a holonomy transformation corresponding to an SU(2) SS phase, we have 
oui B = u AB M u v q v + M AB = ut B K + MAB = P AB - 

Analogously, for a holonomy tranformation corresponding to a symplectic SS 
phase, we have 

Af = AfM u v q v + M a/3 = Afk% + M aP . 

The leading terms in the connections r 5 ., A 5 a p, lo 5 a b , giving the SS 
phases on A4c x Mq, are Mj, M a p, M A B respectively. 

On the other hand, the leading terms in the scalar vielbein are 

PI ~ My ; U* A ~ M a p <f A + M A B q aB . 

The scalar potential is extremized at 

K A K = o 
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that is for 

[M AB C a/3 + M af3 e AB ] WfV = 0. (42) 

If Mab — 0, then the vanishing eigenvalues of M a p leave massless some 
of the hypermultiplets. On the other hand, if Mab 7^ 0, then the extremum 
is at q u = 0. In this case, all the scalars in the hypermultiplets are massive, 
thus breaking supersymmetry. 

4 Some illustrative examples 

We are going to consider in this section specific models as illustrative exam- 
ples. 

For all symmetric real-special manifolds .Mr = Gr/./Yr, the duality trans- 
formations acting linearly on the vector potentials belong to 

[G R x SO(l, 1)]© T"- +1 

which is a non-semisimple subgroup of Gc (the isometry group of the cor- 
responding D = 4 symmetric space). Under Gr x SO(l, 1), Gc decomposes 
as 

0C = 0R©SO(l,l) + e 2 +1 + t^ +1 

where n v + 1 is a representation of Gr. Note that the D = 4 vectors are in a 
2(n v + 2)-dimensional symplectic representation TZc of Gc which, under Gr, 
decomposes as follows 

n c = (ni 1 + 1 +3 ) © (n^ 1 + 1- 3 ) . 

The (n v + 2)-dimensional gauge algebra is U(l) x T Uv+1 , where U(l) is a 
Cartan generator of the maximal compact subgroup Hr C Gr. 

The ((n v + 1) x {n v + 1)) SS phase matrix has always one vanishing eigen- 
value, because there is always one singlet of the global symmetry Gr under 
its maximal compact subgroup (corresponding to the D = 5 gravipho- 
ton). Other vanishing eigenvalues come from the Cartan subalgebra of 
depending on the specific symmetric-space under consideration. 

We also give an example of SS phase for a homogeneous non-symmetric 
special manifold [121 HH 01] ■ Here the number of vanishing eigenvalues of 
the SS phase may be larger than in the symmetric case. 
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For a generic non-symmetric, non-homogeneous, real-special manifold, 
the number of vanishing eigenvalues of the SS phase can be rather large, 
because the compact isometry may act on a reduced set of special coordinates. 

For the symmetric quaternionic manifolds Gq/[Hq x SU(2)#], we find that 
the SS phase matrix has no vanishing eigenvalues, for a generic element of 
the Cartan subalgebra of the maximal compact subgroup Hq C Gq commut- 
ing with SU(2)ij. If no SU(2)^ phase is introduced, then the SS mechanism 
give supersymmetric masses to BPS hypermultiplets. On the other hand, if 
a SU(2)# phase is switched on, then supersymmetry is broken and a split- 
ting in the masses of the various fields, due to this phase, occurs in all the 
multiplets of the supergravity theory. In particular, the splitted fields are 
the gauginos in the vector multiplet sector, and the quaternionic scalars in 
the hypermultiplet sector. The two gravitinos acquire a common mass. 



4.1 Symmetric spaces 



Let us consider the models based on symmetric spaces All the possible 
N = 2 D = A symmetric space a-models for vector multiplets, which have a 
D = 5 counterpart ;3] , are listed in Table 1 , while the symmetric quaternionic 
manifolds [33] are indicated in Table 2. 

We are going to sketch the various models, giving for each one the mass 
spectrum of the four dimensional theory, when all the possible SS phases are 
switched on. 



SG 

SL(3,R) 
SO(3) 
SL(3,Ch 
SU(3 > 
SU*(6) 
USp(6) 

E6.-26 



SO(l,l) 



F 4 
X 



SO(l,n t ,-l) 
SO(n„-l) 



M 



c 



SU(1,1) 

U(l) 
Sp(6,R) 

U(3) 
U(3,3) 
U(3)xU(3) 
SO* (12) 

U(6) 

E7.-25 



SU(1,1) 



E 6 xSO(2) 



X 



SO(2,n„) 
SO(2)xSO(n I) ) 



Table 1: All the symmetric cosets participating to N = 2 SS mechanism in 
the vector multiplet sector: the real-special manifolds in D = 5 (Mr) and 
the corresponding very-special manifolds in D = 4 (A4c)- 
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4.1.1 Vector multiplet sector 

• The first case is quite degenarate, since it corresponds to .Mr = (pure 
supergravity); M ■ = dim c (M c ) = 1- 

In this case one may still build a SS phase in the Cartan subalgebra 
(CSA) of the global R-symmetry SXJ(2) R . 

As discussed in Section 3, this correspond to having a Fayet-Iliopoulos 
term in D = 4, which breaks supersymmetry. In this case, which is the 
N = 2 analogue of the no-scale model of [22], the scalar potential is 
identically zero. 

All fermions take a mass equal to the phase, while the bosons stay 
massless. A situation like the one described for this model, with SS 
phase in the R-symmetry breaking supersymmetry, may also occur for 
all the other models listed in this subsection, and will not be repeated. 

• = c ^M) = M c ; dim M (M R ) = 5, dim c (M c ) = 6. 
SS phase: m G CSA of SO(3). 

In D = 5: 6 vectors in the two- fold symmetric representation of SL(3, R). 

6^5 + 1 under SO(3). 

Mass eigenvalues: (—2m, —m, 0, m, 2m). 

D = 4 spectrum of 6 vector multiplets + one graviphoton: 

2 massless vector multiplets 

1 massive BPS vector multiplet, mass \m\ 
1 massive BPS vector multiplet, mass \2m\ 

1 massless graviphoton. 

• M ^ = Iff c u(3)xu(3) = M & dim M (-Mr) = 8, dim c (M c ) = 9. 
SS phases: (m 1 ,m 2 ) G CSA of SU(3). 

In D = 5: 9 vectors in the (3, 3) G SL(3, C). 
(3,3) ^8 + 1 under SU(3). 

D = 4 spectrum of 9 vector multiplets + one graviphoton: 

3 massless vector multiplets 

2 massive BPS vector multiplets, mass \m\ ± 3rri2\ 
1 massive BPS vector multiplet, mass \2mi\ 

1 massless graviphoton. 

• M ® = mM c §9 $r = Mc > diniR ( M *> = 14 ' dimc ( Mc ^ = 15 - 

SS phases: (mi,m 2 ,m 3 ) G CSA of USp(6) 
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In D = 5: 15 vectors in the two-fold antisymmetric rep. of SU*(6). 
15 -> 14 + 1 under USp(6). 

.D = 4 spectrum of 15 vector multiplets + one graviphoton: 
3 massless vector multiplets 

6 massive BPS vector multiplets, mass \rrii ± m,j\, (i < j — 1, 2, 3) 
1 massless graviphoton. 

Mm = C ^0- 6 = M c ; dim R (Mr) = 26, dim c (M c ) = 27. 

SS phases: (m 1; m 2 , m 3 , m 4 ) G CSA of F 4 . 

In D = 5: 27 vectors in the two-fold antisymmetric rep. of E 6 (_ 26 ). 
27 -> 26 + 1 under F 4 . 

= 4 spectrum of 27 vector multiplets + one graviphoton: 

3 massless vector multiplets 

8 massive BPS vector multiplets, mass \m\ ± m 2 ± m 3 ± 777.4 1, 

4 massive BPS vector multiplets, mass \2rrii\, (i — 1, • • • ,4) 

1 massless graviphoton. 

w _ QOn n v SO(l,n„-l) SU(1,1) SO(2,n.) _ ^ 

AIr - bU{l, 1J X SOK _ 1} C X so(2)xSOK) - -Mc, 

dim K (Mm) = n v , dim c (M c ) = n v + 1. 
SS phases: (mi, • • • , mr %-i i) G CSA of SO^ — 1). 
In D = 5 we have + 1 vectors. However, in this case the D = 5 
graviphoton together with n v — 1 vectors of the matter multiplets com- 
pose the vector representation of S0(1, n v — 1), while 1 vector multiplet 
is inert, so that 

n v + 1 -> (n v - 1) + 1 + 1 under SO(n v - 1). 

There are always 2 singlets, corresponding to 2 massless vectors; then 

2 different cases: 

— n v even 

In this case the (n v — l)-vector has one vanishing eigenvalue so 

that we then have: 

3 massless vector multiplets 

(n v —2)/2 massive BPS vector multiplets, mass \m,i\, (i — 1, • • • , ^ 
1 massless graviphoton. 

— n v odd: 

In this case the (n v — l)-vector has no vanishing eigenvalues so 
that we then have: 
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2 massless vector multiplets 

(n v — l)/2 massive BPS vector multiplets, mass \m i \ ) (i, .. = 
i n v - 1 \ 

L i 12' 

1 massless graviphoton. 



To summarize, looking to the D = 5 SS compactifications which give D = 4 
symmetric spaces we find in two spectrum with only two massless 

multiplets left (the rest being massive BPS Higgs supermultiplets), while in 
all the other cases three vector multiplets stay massless. 



4.1.2 The hypermultiplet sector 

We have listed in Table 2 all the symmetric-space quaternionic manifolds. 
Each of them could in principle participate to the SS mechanism, since they 
fulfill the requirement of having a compact isometry which may be gauged 
by the graviphoton. 7 



Mq 


dim Q (>lQ) 


G 2(+2) 

50(4) 


2 


F 4(+4) 

USp(6)xSU(2) 


7 


Ee(+2) 
SU(6)xSU(2) 


10 


B 7(-5) 

SO(12)xSU(2) 

Eg(-24) 

E 7 xSU(2) 
SO(4,n) 
SO(4)xSO(n) 
U(2,n) 
U(2)xU(n) 
USp(2,2n) 


16 
28 
n 
n 
n 


SU(2)xUSp(2n) 



Table 2: All the quaternionic symmetric coset-manifolds participating to 
iV = 2 SS mechanism. In particular, the first 6 are the c-map of the very- 
special manifolds of Table 1. 



7 Note that the same observation is true for all the quaternionic manifolds (not nec- 
essarily cosets) which are obtainable as the c-map 03] of some special Kahler manifold, 
since the c-map construction implies that a U(l) C SL(2,R) isometry is always present 
on the final quaternionic manifold. We are not going to discuss these more general cases 
here. 
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For all the models we find that, in the general case where all the SS phases 
in the symplectic part of the isometry are switched on, all the hypermultiplets 
become massive BPS multiplets. 

All the quaternionic scalars are also charged with respect to the R- 
symmetry SU(2)# (in the fundamental representation). So, by introducing 
the corresponding SS phase m, supersymmetry is broken, giving an extra 
mass ±m to all the scalars in the hypermultiplets. We are not going to dis- 
cuss further the SU(2)^ phase m, confining the discussion in the sequel to 
the SS phase in the USp(2n/ l ) part. In detail we find 

• M ® = dim C^q) = 8 ; n h = 2 - 

SS phase: q in the CSA of SU(2). 
8 -> (4,2) under SU(2) x SU(2) fl . 

No state is neutral under SU(2), so the 2 multiplets become BPS, one 
with mass q and the other with mass 2q. 

* M ® = us P (6 I ) 4 x ( s ) u(2) fl ' dim(M Q ) = 28; n h = 7. 
SS phase: (q±, q 2 , qs) in the CSA of USp(6). 

28 -> (14', 2) under USp(6) x SU(2) (14': three-fold antisymmetric 
representation of USp(6)). 

No state is neutral under USp(6); the BPS spectrum is: 
4 BPS multiplets with mass \qi ± q 2 ± q%\ 
3 BPS multiplets with mass \qi\ (i = 1,2,3) 



• M ® = su(6)xsu(2) fl ' dim(A^ Q ) = 40; n h = 10. 
SS phase: (q 1 , ■ ■ ■ q 5 ) in the CSA of SU(6). 

40 -> (20, 2) under SU(6) x SU(2) R (20: three-fold antisymmetric rep- 
resentation of SU(6)). 

No state is neutral under SU(6); the BPS spectrum is: 
10 BPS multiplets. 

• A4q — so(12) Tsu(2) fl ' dim(A^ Q ) = 64; n h = 16. 
SS phase: CSA of SO(12). 

64 -> (32,2) under SO(12) x SU(2)^ (32: spinor representation of 
SO(12)). 

No state is neutral under SO(12). 
16 BPS multiplets. 
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Ml = Si dun(M Q ) = 112; n h = 28. 
SS phase: CSA of E 7 . 

112 — > (56,2) under E 7 x SU(2) R (56: fundamental representation of 
E 7 ). 

No state is neutral under E 7 . 
28 BPS multiplets. 

M ® = so^xsoM ' dim (M Q ) = An; n h = n. 

SS phase: CSA of SU(2) x SO(n). 

An -> (2,n,2) under SU(2) x SO(n) x SU(2) R . 

No state is neutral under SU(2) x SO(n) C USp(2n) 

the generic configuration has all massive hypermultiplets. 

If we set a phase only with respect to SU(2) D , then, since 2x2 = 3 + 1 

we have two vanishing eigenvalues in this SU(2) D phase; if n is odd, 

we have one zero-eigenvalue also in the SO(n) phase. In this case we 

finally have 2 massless hypermultiplet scalars, but supersymmetry is 

broken. 

<M.q = u( 2) ( x'u(n) i dim ( M ®) = ^n; n h = n. 
SS phase: CSA of U(l) x U(n). 
An -> (n, 2) + + (n, 2)_ under (U(n) x SU(2) jR ) U (i). 
No state is neutral under U(l) x U(n) C USp(2n). 
Analogously to the case above, in the generic configuration all hyper- 
multiplets are massive. 

M ® = su(2) S fl P x 2 usp(2n) i dim(A^ Q ) = An; n h = n. 
SS phase: CSA of USp(2n). 
An -> (2n,2) under (USp(2n) x SU(2) fl ). 
No state is neutral under USp(2rz). 

As for the cases above, in the generic configuration all hypermultiplets 
are massive. 



4.2 Non symmetric spaces 

For non-symmetric spaces we can still consider SS phases if there are some 
compact isometries on the manifold. This is generally possible for the case 
of homogeneous real geometries of D = 5, iV = 2 scalar manifolds, that have 
been classified in the literature and denoted by L(q, P, P). The compact 
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isometries of these real manifolds are SO(g + 1) x S q (P, P), where S q (P, P) is 
the metric preserving group in the centralizer of the Clifford algebra C(q+1, 0) 

Let us for instance consider the space L(0, P, P), with compact isometry 
group SO(P) x SO(P). Here n v = 2 + P + P. In the D = 4 theory, if P, P are 
both even, we have three massless vector multiplets, if one is even and the 
other odd, we have 4 massless vector multiplets, while if P, P are both odd 
we have 5 massless vector multiplets, all the rest being |-BPS multiplets.. 

A similar discussion can be made for homogeneous, non-symmetric, quater- 
nionic spaces which are obtained as c-map of d-geometries. They have the 
compact group of isometries SO(q + 3) x SO (3) x S q (P, P) [SI], and one may 
again introduce suitable SS phases in this sector. 
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A Glossary of very-special geometry and 
SS Killing prepotentials 

In the z 1 four-dimensional variables the special coordinates are 
X A = (z° = l,/) L A = (ef,eV) 

therefore 

ft = ef (d, + KJX A = (ef {81 + K.X^.e^K^ 
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P A I A = 



where /, i here are flat and world indices respectively on the very-special 
manifold. Moreover, for the Killing vectors one has that 

k{L A = k T L° + k T jL J = 

is satisfied for 

k l j = -M'j ki = M J jZ J 
which implies the identity, on the corresponding prepotential 

P A L A = P L° + P^ 1 = e% {K^M I J z J - KjM^z*) = 
and analogously 

Hi 

In the z 1 variables, the Kahler potential is invariant under U(l) and 
Peccei-Quinn symmetries 

Sz 1 = M I J z J i° - M T ji J 

so that 

8^K = KjM T j£ j + KjM\£ ] = 
since K j = —Kj. Correspondingly, for the £° transformation 
6&K = {K tZ M I J z J + KjM'fz 3 ) £° = 

which gives 

KjM Z jQz j = 

This is because M 1 j is an isometry of the very-special Kahler manifold which 
has a linear action on the z J coordinates. 
The prepotential Pa is therefore given by 

P = KjM I J z J J Pj = -K I M I J 

so that 

K _ jz,-K/q nO _ is^KItz _i\/rl „J _ njl ~J 



k[f = K' KI djP° = K'KtRjjMtjZ- 1 = M 



z 



We note that, in the case of symmetric spaces Gc/[U(1) x He] based 
on d-geometries, the compact symmetry Hq is not manifest (non linearly 
realized) on the chosen special coordinates z 1 . The non-compact symmetry 
Gr is manifest, and so is the compact symmetry H^. C He- 

This fact is already understood for the [ S ^'^ x go^xsoCn) ] series. In this 
case, for the cubic prepotential it is necessary to choose a symplectic basis 
where only SO(l, n — 1) x SO(l, 1) C SO(2, n) is manifest 4(j. For a choice of 
special coordinates which makes all SO(2, n) manifest, a prepotential function 
does not exist |T7j . 
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B Relation between real-special geometry in 
D = 5 and very-special geometry in D = 4 

The relation between the geometries of the scalar manifolds of vector multi- 
plets in five and four dimensions comes by inspection of the bosonic kinetic 
terms in the lagrangian, in the D = 4 Einstein frame, as they come by 
dimensional reduction from five dimensions [3J E3 EE] 

' :£(4) = 4^(4)- Jc xJ (t)^W-i-a M log(05) 3 ^log(0 5 ) 3 



y/=g^ w 2 ™ 2 12 

-^(f) (0 5 )~ 2 ^5<^5 - ±G„(f) 5 F^F J (43) 

where 05 = e CT is the 5th component of the vielbein (S 1 radius). We have 
not reported in (|43|) the contributions from the KK graviphoton and from 
the 5D Chern-Simons term (see [3]), which are not relevant for the present 
discussion. 
Here 



Gu = ~d I dj log V| 



v=i 



where V = dux^t' 1 ^ , with t 1 = t 1 (ip 1 ), i = 1, • • -n v and I — 1, • • • n v + 1. 

The surface V = 1 defines the n„-dimensional real manifold .Mr" spanned 
by the scalars in the vector multiplets at D = 5, describing real-special 
geometry. 

Explicitly we have 

9 

Gij = — 3t/j + 

where £/ = d IJK t J t K , t 7J = d IJK t K . 
the metric on .M? is 

0y = Gut% with tf< = — . 



Note that tHj^ = tit I i = 0, and also 



gij — —SdijKt^tjt 1 * — —-tj ti tj. 



2 
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If we now introduce n v + 1 variables v 1 defined by v 1 = fet 1 , so that 
dijxv I v J v K = (05) 3 = V, from the lagrangian (|43|) it immeditely follows 

V-9(4) 2 2 

-\Gu{t) (0 5 )~ 2 BpAiPAl - \G u {t) <p 5 F^F J >" (44) 

where 

Gu(v) = -\-^^^=^r 2 G u {t). (45) 

By combining the axions a 1 = A\ with the real scalars v 1 to form complex 
variables 

z 1 = —a 1 + w 1 , 

the scalar kinetic term of the above lagrangian can be rewritten in the more 
compact form 

-gud^dPz 3 

with g 1 j = —djdjlogV = \Gjj the very-special-Kahler metric. 

We can now set the relation between 5D and AD special coordinates. We 
have, in D = 4 

L* = e$X A , X A =(X° J X I ) 

with X° = 1, X 1 = z 1 . 

This choice identifies the four-dimensional graviphoton with the Kaluza- 
Klein vector B^, in accordance with the gauged supergravity interpretation 
of the SS reduction. 

The n v + 2 vector fields are (v4° = B^; Z 1 ^ = A 1 ^ — A^B^j and the struc- 
ture constants of the flat group are f A £ = f I0 J (zero otherwise). The B^ 
gauge field gauges a U(l) isometry which may have components both on the 
very-special manifold and on the quaternionic manifold 

d _ jSG i tQ i jQ 

D ~ 1 ^ J USp(2n h ) ^ J SU(2)- 

The contribution to the scalar potential in D = 4 from the real-special ge- 
ometry isometries also comes from dimensional reduction of the kinetic term 
of the scalars in the vector multiplets, through the term, in the dimensionally 
reduced lagrangian 
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By using the fact that Pg, the 5th component of the pull-back on space-time 
of the real-special geometry vielbein, is P£ = P^d^if 1 = P^q, we then obtain 

P5 -P(i5 = 9ij ^0^0 

where we used the fact (US] that = P^P a j = an d ti,i = = 

2dijKt J t^ . Then, recalling (|l(jp. the contribution to the scalar potential is 

V SG = 2 e *Wfco*o 

or, in terms of the complex variables z = —a^ + i^^t 1 and of the very-special 
Kahler metric (|45j) 

V SG = \e K G u klkl = e K g I jk I k J , 

where k$ = — it^feg = — &o> which is the N = 2 contribution from the gauged 
vector multiplets in D = 4 (see eqs. (|23|) and ((2HJ))- We note that this 
formula agrees with ()28j) if we send M — > 2M in the SS phases. 
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